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Abstract 

In this paper, we study the equations of motion for non-Abehan J\f = (2, 0) 
tensor multiplets in six dimensions, which were recently proposed by Lambert 
and Papageorgakis. Some equations are regarded as constraint equations. 
We employ a loop extension of the Lorentzian three-algebra (3-algebra) and 
examine the equations of motion around various solutions of the constraint 
equations. The resultant equations take forms that allow Lagrangian descrip- 
tions. We find various (5 + (i)-dimensional Lagrangians and investigate the 
relation between them from the viewpoint of M-theory duality. 



1 Introduction 



Since its discovery, M-theory has been intensively studied from various viewpoints, 
such as string duahty and its apphcations to supersymmetric gauge theories. Despite 
extensive study since the 1990s, the basic properties of M-theory, including its fun- 
damental degrees of freedom, still remain mysterious. However, there are a number 
of aspects of M-theory which have been clarified. For instance, the low-energy limit 
of this theory is 11- dimensional supergravity and, at least in the long- wavelength ap- 
proximation, it accommodates two kinds of extended object, M-theory two-branes 
(M2-branes) and five-branes (M5-branes), which couple to the three-form gauge 
fields in 11- dimensional supergravity. 

Similarly, there are still numerous aspects of M-branes to unveil. In particular, 
the world-volume description of multiple M-branes is interesting in the context of 
the AdS/CFT correspondence and, more importantly, M-branes are believed to 
be described by novel interacting superconformal field theories, such as a three- 
dimensional JV = 8 superconformal field theory for M2-branes and a six-dimensional 
superconformal field theory of (2, 0) tensor multiplets for M5-branes. However, the 
formulation of the theory at the fundamental level poses a difficult problem which 
has remained unresolved for a long time. 

Recently, a world-volume description of multiple M2-branes using a new kind 
of symmetry structure, the so-called Lie 3-algebra, was proposed independently 
by Bagger and Lambert [H [2], and Gustavsson [3] (BLG). Since then, significant 
progress has been made in understanding the BLG theory and 3-algebra itself. In the 
course of the study of 3-algebra, it was first conjectured ^ and later proveci^ [6l [7] 
that the only finite-dimensional Lie 3-algebras with a positive definite metric are the 
trivial one, ^4, and the direct sum of these algebras. Multiple M2-branes can also 
be reformulated in the context of the double Chern-Simons theory with the usual 
Lie group symmetry P, [sj^, and thus the 3-algebra might not be indispensable in 
describing multiple M2-branes. On the contrary, an TV = 6 Chern-Simons- matter 
theory in three dimensions, the so-called ABJM theory, also revealed hidden 3- 
algebraic structures [11], and S-matrix analysis of three-dimensional (3D) A/" = 8 
on-shell supermultiplets suggested that interaction has 3-algebraic structures [12]. 
Therefore, 3-algebra could play a crucial role in the analysis of the dynamics of M- 
theory, but a better understanding of its attributes is necessary. Moreover, since we 
can formulate a system of an infinite number of M2-branes which can be condensed 

""^We have been informed of the paper [5^ which claims to provide the first proof to this conjecture. 
^There is recent research on the hidden maximal supersymmetry of the Chern-Simons-matter 
theory with less than J\f = 8 supersymmetry; for example, see [lOj . 
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to a single M5-brane by means of infinite-dimensional Lie 3-algebra|§, it would also be 
possible to use 3-algebra to formulate a system of interacting M5-branes manifesting 
(2, 0) supersymmetry. 

Recently, Lambert and Papageorgakis proposed a set of on-shell supersym- 
metry transformations for non-Abelian (2, 0) tensor multiplets in six dimensions, 
using a 3-algebraic structure. This approach immediately invokes the following 
question: to what extent is it related to multiple M5-branes systems? 

The supersymmetry transformations proposed by Lambert and Papageorgakis 
were as follows: 



dCi =0. (LI) 
The three-form H^^^xA satisfies the linear self-duality condition: 

HfjiuXA = —^^^^luXrapH'^"'^ A- (1-2) 

The scalar fields X^, the fermions \E', and the self-dual field H^yp form a (2, 0) 
tensor multiplet in six dimensions. The two world- volume vectors A^j^ and are 
new and play an important role in the introduction of a non-Abelian structure for 
the tensor multiplets. The gauge covariant derivative Dp is defined by D^X^ = 
dpXA — A^A^B- (See Appendix IXl2] and lAl3] for more details.) The Greek indices 
such as fi, u, represent the world-volume directions and run from to 5. J, J indices 
are for the transverse directions to the world-volume, /, J = 6, ■ ■ ■ 10. A,B, - ■ ■ 
denote the gauge indices of the 3-algebra symmetry. 

In order for the above transformations to result in an on-shell supersymmetry 
on the fields, the equations of motion and the constraints of the fields are necessary 
for their closure. These equations were derived in [17] and ar^: 

={D'X')a - '-^cC^s^.T'^of'^ + C^BCuGXixixy"^^ j.f''^ A , (1-3) 



■^The Lie 3-algebra resulting in a Nambu-bracket structure was studied in detail by [131 IHl 
I15[ 116] . The approach of employing an infinite-dimensional algebra is independent from the no-go 
theorem mentioned above [11 |6l [7] . 

^We find that the sign for the last term in (|1.3I) should be "+" and also the sign in (|1.6p is 
corrected to be 
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■CDB 



(1.4) 
(1.5) 
(1.6) 
(1.7) 



=C^c{D,X^)j,f^\ = C'^{D,^)nf''\ = C^c{DpH,,x)r>f''\ , (1.8) 
where F^%=[D,,DJ\\. 



At first, these equations seem suitable for describing multiple M5-branes because 
of their non-Abelian structure introduced by 3-algebra. However, it was pointed out 
in [17] that when a simple Lorentzian 3-algebra or the v44-algebra is adopted, the 
equations describe multiple 4-branes and not 5-branes. With the use of these alge- 
bras, one of the world- volume directions is eliminated through equation (II. Sp . and 
the resulting equations of motion can describe the five-dimensional (5D) supersym- 
metric Yang-Mills (SYM) theory. In other words, we ultimately describe D4-branes 
rather than M5-branes. This is in many aspects similar to the "M2 to D2" scenario 
[T9t [20] proposed for the BLG theory, especially for the Lorentzian case. One 
may therefore wonder whether the non-Abelian tensor multiplet can describe more 
than the dynamics of D4-branes and 5-branes of M-theory. In this paper, we address 
this question by examining equations fll.3p -( fT78l) based on a 3-algebra of infinite di- 
mensions. 

Through a systematic study of the fundamental identity, a class of Lorentzian 3- 
algebras has been proposed in [2T] , which includes the simplest Lorentzian 3-algebra 
used in [171 HH] as a special case. In this paper, we use only one of the proposed 
3-algebras: 



=0, 



(1.9) 
(1.10) 
(Lll) 
(1.12) 

(1.13) 



'im) rp{jn) rp{kl)l — _ j fijks:m+n+l 




with inner products of 




a 



(1.14) 
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Other combinations of inner products are all equal to zero. It should be noted 
that the three-bracket is defined as [T^,T^,T^] = if^^^oT^, and as = 
{u", u""^ U-, U-, T*^*™^}. Namely the index such as A represents different kinds of gen- 
erator; the Euclidean part i,j, ■ ■ ■ accompanied with a d- dimensional numerical vec- 
tor such as m, and the center part 0, a, and a. d denotes an integer and the indices 
a and b run from 1 to d. u- and u- are center elements of the algebra. Furthermore, 
P\ is the structure constant of a Lie algebra, [T^*^), T = ipi f^T^k,rh+n) ^ Lastly, 
m is a c?- dimensional vector whose components are (a = 1, ■ ■ ■ , c?) and are con- 
sidered to be integers. A more detailed description of this 3-algebra is provided in 
Appendix lA.ll 

Applying this infinite-dimensional 3-algebra to the BLG theory, we can obtain 
the SYM theory on a torus [21]. Specifically, vector fh turns out to play the role of a 
Kaluza-Klein (KK) momentum vector on this torus. Thanks to the KK-momentum, 
new world-volume directions can be introduced and the BLG theory based on the 
3-algebra is able to describe more than two-dimensional branes. The U-duality rela- 
tion of D-branes wrapping on the torus has been studied in [22] . We therefore expect 
to get not only 4-branes but also higher-dimensional-branes using the 3-algebraic 
field equations fOD- (fT:5]) . 

In the following sections, we analyze these field equations with the use of 3- 
algebra (I1.9l) - fll.l4p . We will see that it is important to understand the constraints 
of C^, i.e., (II. 7p . in order to obtain the effective action of branes from the field 
equations. In section 12.31 we consider the most generic case of = CqU^ + C^u"' + 
CJ^.)T(^™). In this case, we can describe the effective action of (4+(i)-brane wrapping 
on a torus T'^. More specifically, the brane is described in target space R^'^ x x 
R'^"''. In section 12. 4[ we consider the case of = C^u"". For Cq = 0, we can 
describe the effective action of 5-branes wrapping on the torus T'^, including non- 
covariant massive vector bosons. A SYM type action is recovered when d = 1. 
Regardless of the non-Abelian structure introduced by 3-algebra, the resulting 5- 
branes theory turns out to be Abelian. These 5-branes are in the target space 
p^i,5-d X T'^ X R^ In section [531 we consider the case of = and recover the 
second-order Pasti-Sorokin-Tonin (PST [23]) type action of NS5-branes [23] • The 
target space of the 5-branes is reduced to R^'^"'^ x M^+i, where Md+i is a (c? + 1)- 
dimensional manifold. Namely, the M-theory is compactified on M^+i- In section 
[31 we concentrate on the case of c? = 1 under different C^, and several 5-branes 
obtained in the preceding sections and their relations are investigated. The latter 
can be identified as 5-branes in a type IIA/IIB string theory. We find that the S-dual 
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relation between D5-branes and NS5-branes is naturally realized. Finally, section 
m is devoted to discussion and concludes with a summary. We also comment on 
recent research on the 5D maximally supersymmetric Yang-Mills (MSYM) theory 
proposed by [251 126] . from our viewpoint. Three appendices provide a summary of 
notations and conventions, and supplementary discussions. 

2 Analysis of the equations of motion 

In this section, we examine the equations of motion f ll.3p -( |L8l) . with the infinite di- 
mensional extension of Lorentzian type 3-algebra fll.9p - fll.14p . The basic properties 
of this 3-algebra are summarized in Appendix lA.ll The equation f ll.7p is considered 
as the constraints for C^. We thus start with solving these constraints, and then 
move on to the examination of the rest. 

2.1 The gauge fields and the constraints for fields 

First, in this paper we assume that the gauge field A^^^ is accompanied with the 
structure constant, A^^j^ = A^cof^^^ a- It should be noted that though this is a 
requirement for the BLG model (M2-brane case) due to Chern-Simons term, it is not 
necessary in this case. But we also adopt this definition here, since it guarantees that 
the covariant derivative acts on the three-bracket as a derivation. Because of the 
limited form of the structure constant, some components of the gauge field vanish; 

^/i°0 b = ^fj. = a = ^iTa = ^^^A = • (2-1) 

This fact simplifies our analysis. The nonzero components of the gauge fields are 
summarized in Appendix IA.3I 

Next, we consider the first equation of fll.7p : 

{D,Cn^=0. (2.2) 

For and components, this condition immediately means 

d,C^, = d,C: = (2.3) 

for arbitrary fi and u. Therefore, Cq and Cj^ are constants. As for u- and u- com- 
ponents, since in all the other places always appear with the structure constant 
j!BCD^^ Cg and show up only in these constraint equations: 

f) r^u J a I J {i'ni) 
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^M^a —^n^gpO + \C!{im.) ■ (2-4) 

Therefore, Cq and are completely determined by these two equations. As we 
will argue in section 12.21 the components associated with the center elements of the 
3-algebra are regarded as the ghost fields. Therefore, these conditions imply that 
the ghost fields are excited by the physical fields. To avoid it, we will impose the 
condition that the ghost fields stay constant: 

= = (2.5) 

in time evolution. 

There are also constraints imposed on Cj^-.^^^ which are 

= (D.Cnirr,) - i;(.^)Co^ - A;^^^f: (2.6) 
where the covariant derivative is given by (IA.21I) : 

Finally, we examine the second equation of (11. 7p : 

[C^,C^T^]^ =0. (2.8) 
For the various combinations of A,B = {{irh), 0, a, 0, a}, we have 

n _ fki f^ifJ-f^l^] _ rn^n^t^r''^^ 

=^'ci''C^U - [^'' C\r,) = m^Ci'C^L) = ^!L)^(t_f) ' (2-9) 

where in the first equation fh n , and the repeated indices in a single term (here 
denoted as b, k and the vector i) are all implicitly summed over, and we will use 
this contraction rule throughout this paper, f^^^. is the structure constant for a 
conventional Lie algebra which is embedded into our 3-algebra, and 

V]{^rn) =i i<P{jH)V {k,m-n) ■ (2.10) 

In (12. 9p . the last condition is trivial. If only one direction of is non- vanishing, all 
the constraints are trivially satisfied. Otherwise, these constraints give restriction 
on C fields. To solve the constraints, we consider the following possibilities: 

1. All Cq , and C^^^-j are nonzero: 

In this most generic case, to satisfy the constraints there have to be the rela- 
tions; oc Cq and C'f^^^ oc Cq. Therefore, we have the following conditions. 
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Ci: = VaC{;, Cf,.) = ^;(,^)Co^ (2.11) 

where Va and v^ir^) are chosen in common for all fi. Note that f are com- 
muting each other with respect to the commutator fl2.10p . [v, = 0. 

2. Ci; + but C,^ = C^^^ = 0: 

This case is included in the previous case with Va = W(im) = 0. 

3- Ci; = = and ^ 0: 

In this case, would take arbitrary constant values which are not necessarily 
proportional to one another. 



4. All Ct; = = Cl^^^ = case: 

In this case, the non-Abelian interactions are almost turned off. 

We do not try to exhaust all the possibilities but look at interesting cases. In 
the following subsections, we are going to investigate the equations of motion for 
each of the above cases. (The case 2 is included in the case 1.) Before going to the 
analysis, we discuss the decoupling of the ghost fields. 



2.2 Decoupling of the ghost fields 

Since we do not start with a Lagrangian but the equations of motion, the existence of 
the negative component of the generators does not immediately mean the existence 
of the negative norm states {i.e., fields with wrong sign kinetic terms). However, 
we aim to construct effective actions with respect to various values of and it is 
plausible that we can introduce a prescription to deal with the ghost fields. In this 
paper, we take the strategy used in [I9l |28l |29] , where the shift symmetry existing 
for the center components are gauged and these components are gauged away. At 
the same time, the equations of motion for newly introduced gauge fields provide 
constraints for the paired components, and they become non-dynamical. 

As we will see, and have an ordinary Lagrangian description even for the 
non-Abelian case. For the self-dual three-form field H^^p, the treatment is slightly 
different for each situation. We will give a sketch of the decoupling mechanism here 
and will supplement comments later in each subsection. 
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Since the interaction terms always involve the structure constant / a, Xq, 
X^, ^0 and components appear in the action only through the kinetic terms: 

= - iDi,X')^iD^X')^ + '-^^rf^D^^^ , (2.12) 

where a = (0, a) and a = 1, . . . ,d. It should be noted that this kinetic term correctly 
reproduces the kinetic term of the u- part. Because of the restricted form of the 
gauge field A^, the covariant derivative has to take the following form: 

= (?^0a + (terms not including 0^) , (2-13) 

where 0q means X^ or Therefore, there exist the following shift symmetries: 

^i^^i + ei, <lfa^^a + Va: (2.14) 

with constant and 1]^- We now promote these shift symmetries to gauged ones 
(space-time dependent): 

Ci^^aix), Va^Vai^), (2.15) 

by introducing gauge fields: 

d,X'^^d,X'^ + al^, d,^^^d^^a + b,a, (2.16) 
that obey the transformation law: 

«J a ^ «J a - , h^a^b^a- d^r]a{x) . (2.17) 

Now we can gauge away X^ and by a gauge choice, and the equations of motion 
of these gauge fields impose the constraints: 

9^X^ = *„ = 0, (2.18) 

on the conjugate fields and ^'a, which used to satisfy the free equations of motion: 

d^'d^Xi^T'^d^-^^^Q. (2.19) 

In this way, we can eliminate the unwanted fields, and instead obtain some "moduli" 
fields. In the following analysis of the equations of motion, we will assume that these 
ghost fields have already been eliminated and 

Xl = \i, Xi = Xi, ^o = ^a = 0, (2.20) 
8 



are imposed, where Ag and are certain constant vectors and will be identified as 
moduli of the theory. 

For the three-form field H^^p, the situation is more complicated since it does 
not allow a simple Lagrangian description due to self-duality. However, we can still 
observe a shift symmetry: 

Hpup a ^ H^i/p Q -|- CfJ,vp a ) (2.21) 

in the equations of motion for H^i^pa, and then by gauging it we can eliminate 
Hpupa- To do so, we introduce a gauge field that transforms as 

^^upa ^ G pyp a Cfpu a ■ (2.22) 

If the kinetic term of H field were like: 

1 1 
23! 

the gauge field equation of motion would lead to the constraints: 



Hj^ ^ {Hp,up a ~^ Cr p_i^p a) j (2.23) 



Hpup = Hp^p a = ■ (2.24) 

However, because of self-duality, it does not go easily. We will discuss the treatment 
of Hpi^p and Hpi^p a in each case separately. 



2.3 Generic case 

C fields and gauge fields In this subsection, we consider the case with all 
being nonzero, = CqU^ + Cj^u"" + Cf^-^-^T^'^'^\ This is the case 1 (including the 
case 2) of the classification in section 12.11 As seen in section 12.11 C!^ and Cr^-, 

' ' ' ' ' 1 \im) 

components are proportional to Cg component: 

Ca = '^'aC'o , G^ifa) ^ '^{im)CQ ■ (2.25) 

It should be noted that Cq are constant due to the equation of motion. Thus it 
is always possible, by Lorentz rotation, to align Cq into one direction, say /i = /i, 
and to make the other components vanish, Cq^^ = 0. Therefore, in this case, we 
assume that the auxiliary field Cq takes nonzero value only for fi = fl without loss 
of generality. We also assume that Cq and components are not coupled to the 
other physical fields, d^C^ = d^C^ = 0. This condition, together with (12. 4p . implies 

VaAp\ = - t;(.^)i;^"^^o , V. = -n^rr.)A^^'"'\_ , (2.26) 
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for non-zero Cg . The anti-symmetry A^^ = —A^'^q gives the relation 

^(.--) (\\^rn) + = • (2.27) 



Now we consider the constant values of the Co,a fields, Cq and Va, as moduli of the 
effective theory. Then f (jrn) is also preferred to be taken as an unrestricted parameter 
here. This requires the condition A^^^.^^ = —VaA^'^^-^y Note that though this f(j^) 
turns out to be zero as a result of the gauge field equation of motion, we leave V(irn) 
unrestricted for a while. On such f(ir^i), the condition {£> ^v) (^i^fi) = is imposed due 
to (1231). 



By employing the relationship AJ^^ = A^cnf^'^^A and AJ"^.^-^ = im''A^o(im), 
together with the above relationships such as AJ'^.^-^ = —VaA^^^.^-^, the gauge fields 
are represented by the ones without tilde as 

V(-) =^^'^^M-) , (2-28) 

^'i^rn) = ' ^^"^aA^(^rn) , (2.29) 
=im°'V^i^_rn)A^(irn) , (2.30) 
AJ =f'')Af,(^k,n-m.) , (2.31) 

V"'\.„i)=^^'^«M., (2.32) 

where we have defined A^o(im) = ^/^(i?fi) and A^ao = o-^ia- So the gauge fields are all 
represented by these two gauge fields. From (]A.15|) . this relation implies 



/"' iAfi(^jn)[k,m—n) — , ^/ia(im) — ^a^/i(im,) . (2.33) 

From (D^C)^ = 0, there are also the constraints on the field strength F^^, as 

= {[D„D^]CnA = F^,\C'^, (2.34) 
for any gauge indices A. For each gauge index, the equation f l2.34p is written as 

= {F,.\ + v^.rA)Fj%)c^, (2.35) 
0=v,r,,{F^/% + v.F^/%)cS, (2.36) 

Since there is one non- vanishing Cq , we have the relations between the field strengths: 

^ fiu ~ ~'^{i--rn)^fj.v {irh) ' ^ ^lv (im) ~ ~'^a'^ {im) ' 
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Vi^rn)F^. ^^rn) = -H3n)F^u ^'"W) " (2-38) 

The diagonal part can be written in terms of only a^a, 

^ (jj^-) = ffiu a J ffiua = dfj^Ctj^ a dvO-p. a • (2.39) 

It should be noted that for the second equation of fl2.38p . we use the fact that t>(jf^) 
is unconstrained, but by using the explicit form of the gauge fields (I2.28p -( l2.32p this 
can also be confirmed. 

Analogously, the following identity: 

= {D^[D,,,D,]CP)^ = [d^F^^Y aC'b, (2.40) 
provides the same relations among the covariant derivatives of the field strength: 

(2.41) 

tJ{iTn) (D^Ffj^iy j (j^) = — f (jn) {D^Ffj,,y j (j^) , (2.42) 

and we will use these relations later to simplify the gauge field equations of motion. 
Again, the diagonal part becomes 

/ _ \ {im) 

[D^F^,) (,^) = - tm'^d^'f^, , . (2.43) 

Next, we consider the equations (11. 8p : 

[C^D^0,T^]^ = O, (2.44) 

where denotes any of ^ or H^^p. From ([L3l)-(0]), ^M) and (ESI, it is 
easy to see that 

{D,<P\ = {D,<P)^ = , (2.45) 

and thus and components do not enter this constraint equation. {D^cf))^ and 
{D^(f))a are also missing since they are in the center. Therefore, these equations 
involve only in {Dp_(l))(i^) components. The independent equations from (11. Sp turn 
out to be 

m'^Co^(D^0)(^^)=O, (2.46) 
r,Co^(D,0)(^^)=O, (2.47) 
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where in the first equation (12.461) no summation with respect to fh is taken. Thus, 
for non-zero mode m 7^ 0, the first equation fl2.46p means Cq {D^(j))^._^^ = 0, which 
also solves the second equation fl2.47p . For zero mode m = 0, the first equation is 
trivial. If the index i for satisfies f^^k = for all j and k, namely it belongs 

to an Abehan sub-algebra, the second equation is satisfied. Otherwise, the second 
one again gives the restriction Cq [D^cI))^-^-^ = 0. Recall that Cq is nonzero only for 
^ = jl. We then summarize the result; 

• For non zero modes, [D ^cf)) ^^^y and the zero mode with indices that are 
not in any Abehan sub-algebra, {D^cj))^^^^^ with f^^^ 7^ for some j and k, the 
constraint imposes the condition: 

Co'Pa</>)(.^) = 0, (2.48) 

that is, the covariant derivatives for the fields in tensor multiplets are sup- 
pressed in the direction of Cg 7^ 0. We can therefore see that the world volume 
is dimensionally reduced in this jl direction. 

• For zero modes associated with Abelian sub-algebra, no reduction occurs. How- 
ever, these modes (i.e., zero modes associated with Abelian sub-algebras) will 
turn out to be decoupled from the other modes that we are interested in, and 
therefore will not be included in the effective Lagrangians we will discuss. 

With these structures in mind, we next analyze the equations of and 

and ^> part It is not difficult to see that the equations of motion fll.3p and 
(11. 5p can be obtained by the following Lagrangians: 

^^x = -\{ {D,X^) , (D^X^) ) + [C^ X', X-^] , [C„ X^, X'] > 

(2.49) 

=- {D^m)) + 1 (^r, r,r^ v^] > 

= lf^i^,~rn)T^ (^.*)(.^) + \^ i^,-r^)^ ^] (.^) , (2-50) 

where in each second line we have eliminated the ghost fields by using the shift 
symmetry. 

First, we look at the covariant derivatives. By using 

A^,.^,=-VaA'',.-^, Xa = \L Xi = \i, (2.51) 

U Imi) " a {'im) ' U U ' a a ' \ J 
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we have 

where we have defined = — Va\Q and used f l2.28p - p.32p . Here the covariant 
derivative is defined as (]A.2ip in Appendix IA.3I can be regarded as the 
momentum associated with the internal direction ya, and we replace it with the 
derivative with respect to ya, im°'(j)(irA) = {d°'4>){irn)- We will often employ this 
identification later. We now decompose the bosonic field X^^^^^ into the components 
that are parallel to and the ones perpendicular to that, by following the idea of 
|22] . We first introduce a projector: 

Pi^55-r,M, vr?r/ = 5,% (2.53) 

where the conjugate vectors ttj are defined by 

tt] =6jjg''\(! , (2.54) 

where Qab = t^tI is a metric constructed from "vielbein" and is assumed to be 
invertible. By using this projector, we define 

^(ifh) = Pj^(ifn) + '^i^lifn) 1 (2.55) 

where Y^^-^ = T^'jX^^^y Note that and vr" are constant and also covariantly 
constant with respect to since the gauge rotation in is only involved in {im) 
index. This fact leads to 

^ ' \ / (im) \ / (im) 

Since \&o = = 0, the fermion field kinetic term simply becomes 

Now we move on to the potential terms. By using the same moduli fields, we have 
=Ci; [m^ri (X^ - \iv) - m^ri [x' - Xj,v) + [x' - Xj,v,X' - X'^v]) ^^.^ 

=ci;(Upxy,{pxy] -iriv^pxy + iTiv\pxy -irir^r') , (2.58) 
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where X^^.^-, = X^^.^^ - Aot;(j^) is a shifted X^^.^^ and we decompose it into X^^.^^ = 

Pj^iifh) + ^i^" with y^^^) = - -K^jXiv^i^). A new covariant derivative V" is 
defined by 



iiifi) 



d^ch + i 



ya 



{irn) 



(2.59) 



namely, Y^^-^ is treated as a new gauge field, and m'^ is transformed into the deriva- 
tive in a direction, d"' = im°'. f^K-^ is the field strength corresponding to this gauge 



field: 



fab 



(irn) 



d^Y' - d'Y"" + i 



[irn) 



(2.60) 



In the fermionic part, we have the potential term including 



(im) 



(im) 



(2.61) 



Collecting all the results we can spell out the effective Lagrangian for and 
fields. Note that since i)^f(j^) = 0, we can replace (I)X^)(j^) with (Z)X'^)(j^), 
the same for Y, and then remove all tilde from X^ and Y by redefining the fields. 
Therefore, f{i,^i) plays a trivial role in X^ and part Lagrangian. Later, we will 
see that the gauge field equations of motion force f (j^) = 0, but this change does 
not affect this part of the Lagrangian. Finally the effective Lagrangian of this part 
becomes 

Cx+^ = -^Pij[d'^X'^ "'^ ^ 



(i,—m) 



D^X- 



[iifi) 



{i,—m) 



v^x-^ 



(i-m) 



i,—m)J (im) 



cd 



-gab[D,Y''-d''A^ 



(i,— m) 



(d^'Y^ -d'^A") 



(im) 



2' o- 'ji" 1 - j (im) ' (2.62) 

In the fermion kinetic term, F^S^ — Cq F;^F'^r^(9" is a Dirac operator in the sense of 

{iT^d^ + Co^F^FV>'^)(-zF^a, + C^r^r'rilm'') = d^d^ - Clgai,m''m\ (2.63) 

Because the formulation of [17] that we use does not have the 50(1, 10) covariance, 
it gives different structures of Gamma matrix between and V". 
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Gauge field Hfj_,yp and F^^, Finally, we consider the self-dual three-form field 
H^ypA and the field strength F^^ ^. Because of the constraint (11. 6p . which is in the 
bracket form: 

K^''a=^[C',H,,p,T^]^, (2.64) 

Fpy and H^^p are not independent degrees of freedom when C 7^ 0. Therefore we 
can rewrite H^^p equation of motion (II. 4p in terms of Fp^. Let us take a close look at 
the equation of motion for Hp^^p a (II. 4p that takes the form of the Bianchi identity. 
Thanks to the self-duality condition, HpypA = -^^^luparxH"^^ the first derivative 
terms can be changed by multiplying the epsilon tensoo 

e^-pAar/^f^^^'^^^^A =^\D^Hp,r A , (2.65) 
and then (ll.4p can be written as the usual equation of motion: 

D^^Hp,^ A + 2i [q„ x\ D^^x'] ^ - [q„ ^r, r,] ^] ^ = . (2.66) 

We may define a two-form "current" Jj,a a as 

JuxA =2i [q„x^D,]X^]^ - [q„^,r,]Vi>]^ , (2.67) 

and the equation of motion is now 

D>^Hp,y^A = -JuXA- (2.68) 

It should be noted that because of the three-bracket, Jp^Q = Jpua = immediately 
follows. For A = 0,a case, we have 

d^Hp^x - i'^ ""oHpux B = ~JuXo (2.69) 

and the same for a. Hpy\ o appears only here among the equations of motion. Once 
we remove this ghost mode by gauging the shift symmetry, this equation becomes a 
constraint for J^x o- As we will see, however, Jj,x o will decouple from the rest of the 
dynamics, and then we can safely assume that this constraint is always satisfied. 
Now we multiply D^^ to (I2.64p . Since 

[D^ [C, Hpyp, T^])^ = [D^C^, Hpyp, T^] ^+[C^, D^Hp^p, T^] ^ 

= [CP,D>^Hpyp,T^]^, (2.70) 

^See the appendix for our convention for the antisymetrization. 
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we have 



) 



B 



A=i [C\D^H^,x,T'']^ 



r^X J rCDB 



(2.71) 



Because J,yx o and J^x a are in the center, they do not contribute to this equation as 
we have anticipated. The independent equations are 



Therefore now C^J^x (im) plays the role of the source current for F^^,. Comparing 
fl^T2]) - (12775]) with fl2:jl]) and (EH, we have 



Let us examine (I2.77P first. This relation holds for arbitrary m, and then it means 
d^fuva = 0. If we differentiate the effective Lagrangian (I2.62p with respect to a^a, 
there appears a non-zero current composed by and \E' for this equation. So 
the gauge fields „ must be regarded as the background ones, of which we do 
not consider the variation. Because the background fields „ satisfy the vacuum 
equation of motion, we will assume the simplest solution „ = here U- The second 
equation (I2.78P means that f (j^) must be zero apart from the zero mode f (joj^- Such 
zero modes associated with Abelian sub-algebra do not couple to the interaction. 
Moreover, as we have seen, t>(j^) can be absorbed into the shift of the X^^^^-^ and 
then is irrelevant for and \E' part Lagrangian. Therefore, as a solution to the 
equations, we can set f(irri) = 0. 

^The background fields a^, a can be represented by 2-form gauge fields a and o- This is 
discussed in the appendix [Q in detail. 

^Under our assumption a — one can justify to set W(i^) = also from (j2.37p as well as 
(|2.40p by an analogous discussion. 





(2.77) 
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After setting a^a = '^^(im) = 0, by using fl2.28p - fl2.32p we find that the non-zero 
components of (D^Ffj^J) b are 



(im) 



(im) 



^J!^ I (jn) 



(k,n-'m) 



where we have defined 



(2.79) 
(2.80) 

(2.81) 



Here the definition of the covariant derivative is given in f lA.22p : 



iiv ) (im) 



d^F^u (im) ~\~ i{A^ , -f}fi/](im)- 



(2.82) 



(2.83) 



Then by comparing these with f l2.72p - p.76p . we have a single equation of motion 
for the non-vanishing gauge field: 



^ j ^ (im) 
(im) 



(2.84) 



where (j^) — CqJ^^ (j^). 

Now one can check that the current term is derived from £x+<i' in fl2.62p : 



6C 



5A 



(i,—m) 



gabd'^iD^Y' - d'A 
Y", {b^Y^ - d^A 



'^u)(im) ^Pj 



- IQab 



(im) Z 



(im) 
(im) 



(J2 '^'^ (™) 



(2.85) 



Therefore, the equation of motion can be derived from the standard Lagrangian, 

Supersymmetry We look at the condition for supersymmetry to be preserved 
under a given set of the moduli. We have now, 

Xo^ = Ao^ Xi = Xi, Cl;,H^,po,H^upa = const., C'^ = VaC^ , (2.86) 
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and the others are zero. Then the supersymmetry transformation of each component 
of \1> is 

5^„ = 0, 5^(.™)=0, = iV^''if^,,<,, (2.87) 

where a = (0,a). Note that 5\l/(im) = since all gauge fields A^^^ are set to be 
zero as the background. These relations mean that our choice of the moduli does 
not break supersymmetry if we take H^^^q = H^^pa = 0. Since these components of 
three-form do not appear in the effective action, namely they are decoupled, then 
we will set them to vanish. 



Summary In summary, we write down the effective Lagrangian in this case: 

V / (i.—fn) \ / iim) V / ii.—rn) V 



C = - -Pij 
2 



(ij—rn) L ' J (irn) 

(im) 



4C2 



FfiO {i-rh)Fl^^ffi) + 9acgbdF^i _jf^-^F^ijf^-^ + 2C^5'a6?7/i;>F(-"^_^^F(^j^) 



(2.88) 



a 



where we rewrite as F'^*, and define a dimensionless gauge field A'^-^^ = Y^.^-^ 
and covariant derivatives 



(d^4>) =a^</>(.^) + z [A^, <^](,^) , (2.89) 

F>a<P\ ={pa<\>){irh) + « [^a, • {pa = inia) (2.90) 

/ (irn) 



(irn) 
(im) 

a and v^irn) have disappeared. At this stage, we have taken into account the effect 
of the dimensional reduction from f l2.48p . and /t and denote other directions than 
jl, namely /i = 0,---,4if/i = 5. Note that the field strength is also restricted due 
to the condition f l2.64p . 

This Lagrangian can be seen as supersymmetric Yang-Mills theory defined on 
j^i,4 ^ rpd^ Now one of the direction, /i = /i, is reduced by constraint. Instead, 
we have added world-volume directions equipped with the metric gab- The C-field 
is completely a constant. There are two other parameters, Va and f(ir«), which are 
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proportional constants of and C^-^-^ components to Cq respectively, f (j^) is set 
to be zero as a result of the equations of motion, and Va is constant and is combined 
with the moduli parameters Aq and A^, which are from , to form a "vielbein" 
'^a = -^a ~ ^aAg- The internal metric is given by gab = T^Tb- An appropriate 
combination of {CqY and gab indeed gives the volume of the torus T'^. Cq appears 
solely as a coefficient of interaction terms, and we can view the role of Cq as a 
coupling constant. We well concretely see the relation in the case of d = 1 later. 



2.4 Co = case 

In this section, we consider the case with Cn = Cr^s = 0, which solves the condition 
CcChf^^^A = 0. Then this case is the case 3 of section ^ C^' = Cy. As we 
will see, from this setup we have a different kind of action on a torus. 



C fields and gauge fields As mentioned above, we consider the case, 

Co" = 0, C(':^) = 0, CHy^O. (2.91) 

This condition trivially solves one of the constraint equations f ll.7p . C^C'^f^^'^D = 
0. We then start with the other of (11. 7p . {D^C'^)a = 0. For v4 = 0, a, this becomes 
the ghost decoupling condition as before. Likewise the previous case, we again 
impose the condition that dyC^ = dyC^!^ = for decoupling of the ghost modes. For 
A = a, this condition means <9^C^ = 0, namely, the non-zero components of 
have to be constant. For A = 0, {irh), this becomes 

Koc: = A;^^^f: = o. (2.92) 

Thus for a with non-zero Cit, ^,°n = A "..^^ = 0. Without tilde, this condition 
implies 

A^ {irn){i,-rn)f^'"'^^'~"^^^ a = , 0(im)/°^*™^"(jm) = . (2.93) 



Since the structure constant here is proportional to m"', we have the condition, 
A^ (irn){i-rn) for all m, and ^^o(im^o) = 0' but v4^o(jo) is unconstrained. Therefore 
the non- vanishing gauge fields are 

(iffi) -'^^ a(tm) ~ J t-'^fi [jn)(k,m~n) ; 

V"'\,ni=/'^^.o{.o)'5'"-"^ (2.94) 
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With these gauge fields, the covariant derivatives are 



P.0),^) = (^.0),^^-V(.^)0o. (2.95) 

X and \1/ part For the bosonic field and the fermionic field "^a, we impose 
the same ghost decoupling condition as before. Namely, we gauge away u- and u- 
components and take the conjugate components of and \E' to be moduli: 

X^=X',, Xi = Xi, ^, = ^, = 0, (2.96) 

where Aq and are constant. As we will see, there will not appear A^ in the effective 
equations of motion below, and then it is sufficient to consider Aq only. We then use 
A''^ = Aq in this subsection. We can define the projector as before, which in this case 
takes the form: 

Pj - ^ , P'A' = A/Pj = , (2.97) 

and by using this we decompose X|^^^^ as X^^.^^ = PjX^^^^ + X^Y(^irn) where Y(j^) = 
Aj^(im)/A^- Note that since we are considering constant A^, we can choose one 
direction in which A"^ is non-vanishing, for example, A"^ = X^^S^^^. For this case 
the projector selects the directions / = 6, 7, 8, 9. We will revisit this point in the 
summary part of this subsection. 

After decoupling the ghost part, X and \l/ equations of motion are given through 
the generic Lagrangian f l2.49p and (I2.50p again. We substitute our ansatz into them, 
and then obtain 

4 ((^'■^) -^M-,-,»))((^"^),,-*°'-') 

+ '-^i^,-^)r^ (d,^ + A^r^C^ ,9'^^) , (2.98) 

Z \ / (irn) 

where Qab = C^C^t and again d"' = im"'. Therefore in this case we do not have 
potential terms for X^ and \Ef. 
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Gauge field part Also in this case, the gauge field equation of motion is given 
through ([HD and ([L6]) by fl2TTD : 

(d^F^,) ^ A =C^JuX of'"'' A , (2.99) 
where the "current" Jy\A is again given by fl2.67p : 

j^xA =2i [Cy,,x\Dx^x']^ - [q,,f',r;,]^]^ . (2.100) 

As before, only J^x (im) components contributes to the equation of motion. The 
ghost part of H^^i^pQ and H^^pa are taken care of in the same way as before. Since 
now only is non-zero, the only non-trivial equation of motion is 

=\^abm-m' ((^,F)(i^) - , (2.101) 

and the other components are (^D^F^J^ s = 0. 

By defining ^^o(fco) ~ ^^"^ ^/lOa = —a^ia-, the field strength can be written 
down as 

p (im) - _fki ^rn p (im) __■ an ('2 1021 

where FjfJ,^ = 2d[pAf^^ - 2fhA'i^jAf^^, f^, a = 25[^a,] is also non-zero 
and depends on all the gauge fields A^^\, a^a and A^fj^^y The rest of the gauge 
field strengths, including F^^^^^ and F^^"'^.^^ all vanish. We start with the equations 
of motion with {ifn){jn) index and (im)(im) index. As mentioned above, there is 
no source term for these components and the equations of motion are 

-f'j (d^Ck - ^nA^V^t'l) = ' -^^'d^f.'^ a = 0. (2.103) 

On the other hand, if we differentiate the effective Lagrangian (12.981) for and 
after the gauge fields A^^\ and a^a, it is easy to see that we have non-zero currents 
consisting of X^ and So these gauge fields have to be regarded as backgrounds, 
so that we do not consider the variations of these fields in the action. Since the 
background gauge fields satisfy the equations of motion without sources fl2.103p . we 
will assume the simplest solution A^^\ = „ = 0. Note that this choice makes the 
covariant derivative Dp appearing in the action fl2.98p the ordinary one dp. Finally, 
the nontrivial equation of motion for the gauge field becomes 

^"^,.°(.m) =^"~9a,m^^'' {^.n^rn) ' i.°(.^)) 
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and = -df,Aj^^^^^ + d^Aj*^.^-^ is an Abelian field strength. Therefore we 

just have copies of the Abelian gauge field. 

Note that the gauge field A^^.^<^ appears either in the combination 9,^y(ir«) — 
^J'iim) ^^^^ strength F^^^^.^y Let us consider the residual gauge trans- 

formation, with the gauge parameter A°(j^), of the fields. It is easy to see that 
^J-^{im) ^(im) do not transform under this gauge transformation, while ^(irri) 
transforms as y{jrn) Y(im) + A°(j^). We have set the background field condi- 
tion, A^^\ = a = 0. Next we write the term involving y(i^) in the effective 
Lagrangian f l2.98p in the Fourier transformed form: 

'^'y {d,Y,{y)-A,,{y)){d^^Y,{y)-A>',{y)) , (2.105) 

where Yi{y) = Em ^(i™)^''^'^ and Af,i{y) = Y.rh ^ ^irhf^"^'^ ^ ^'^^ suffix % is just 
the label for Abelian fields of which we now have a number of copies. Then this 
term turns out to be written in the form of the U{X) complex Higgs kinetic term as 



2 Jo (2vr)^ 



where (pi{y) = A/[Ape*^**^^\ and the covariant derivative is V^ipi = d^(pi — iA^iipi, 
where the index i is not summed over. Note that Yi{y) is dimensionless since A^Y(j^) 
has the same mass dimension as {Xq) = \^ . The fluctuation with respect to the 
magnitude \(pi\ comes from the fluctuation of Xq. This fluctuation is suppressed as 
a result of the ghost decoupling discussed in section 12. 2[ So there is no fluctuation 
along the absolute value. 

The part (I2.106P has the U{1) gauge symmetries as 

^^^e'My)^,, (2.107) 

with the Fourier transformed gauge parameters Ai{y). Now the action fl2.98p is the 
expansion of the (I2.106P around the following vacuum expectation values (VEVs 



(^,) = vW, {Yi) = 0. (2.108) 



^Though we only deal with the classical equations of motion in this paper, we abuse the term 
VEV to refer to constant solutions to the equations of motion, around which we derive new equa- 
tions of motion for the dynamical fields. This would not cause any confusion. 
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These VEVs break the U{1) gauge transformations f l2.107p . Then we can regard 
Yi{y) as the Goldstone modes along the broken f/(l) direction. Since Yi{y) are the 
Goldstone modes, hke the usual Higgs mechanism, we can absorb these modes by 
redefining the gauge fields Ai{y). In terms of the original Fourier basis, we define 

Wf, (,^) = + d^Y^^rn) . (2.109) 

Then the field strength is now written in terms of (j^) : 

p° — — (fi A ^ — f) A ^ 

=W^uii^)- (2.110) 

The ujfi (im) are the massive gauge bosons which already absorb the Goldstone modes 
Y'(j^), and the equations of motion for and part can be obtained from 

the following W-part Lagrangian: 

1 

Cw = -—gabm''im}'w[. _^^w^ f^i^) - -Wl^"_^^W^,, (,^) . (2.111) 

The first term can be seen as the mass term for W-bosons produced by the U{1) 
breaking. The number of the independent polarization for each (j^) is 6 — d — 
2 + l = 5-rf0. Here —d is due to the constraint (11.81) . —2 is for elimination of the 
temporal and the longitudinal modes, and +1 is from absorption of Y boson. 

Next let us consider the geometrical meaning of this Higgs mechanism in terms 
of the target space description. This Higgs mechanism eliminates the one of the 
transverse directions from the action, and then can be considered as the dimen- 
sional reduction of M-theory to type HA string theory. We identify a/|AP as the 
radius of the circle, and the phase Y(ir«) of (p as the coordinate along the M-circle. 
The VEV {ip) = \/[Ap as well as (^(im)) = represents the position of the 5-brane 
in the compactified direction, and the 5-brane breaks the shift symmetry along the 
compactified direction. Now because of the projection, Yj^j^ra) enjoys not only the 
global shift symmetry but also the gauged one, namely U{1) symmetry. As we will 
see in section [2751 the gauge field can be viewed as the background gravipho- 

ton field arising from the compactification. Therefore, it is natural that these gauge 



^After the projection, the number of the transverse bosons is 4 and then the total number 
of bosonic degrees of freedom is now 9 — d, while the fermionic one is 8. Therefore, the effec- 
tive Lagrangian may not be supersymmetric except for d = I case. In the case of d = 1, the 
supersymmetry is similar to D4-brane's because of the dimensional reduction. 
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fields, corresponding to the local reparametrization on the circle, absorb the Gold- 
stone modes and become massive. As a result, we have an effective Lagrangian of 
five-brane in string theory. 
Since there is a constraint: 

m«C„^(D^0)(,^) =0, (2.112) 

one might wonder if the theory is capable of realizing the target space whose dimen- 
sions less than ten dimensions. But the theory remains ten-dimensional even under 
the constraint fl2.112p . as we now observe. At the first sight, fl2.112p prohibits the 
covariant derivative along the direction of C^. The number of the target space di- 
mensions R^'^ and the world-volume dimensions R^'^ are reduced as R^'^ — )■ R^'^"*^ 
and R^'^ — )■ R^'^"*^ respectively. But the reduced directions are recovered by the 
KK- momentum C^^d"", and thus the actual target space and the world- volume are 
j^i,9-d ^ j^d Ri'S-'^ X T*^ respectively. So the theory remains to be a 5-brane 
effective theory of a (l+9)-dimensional superstring theory, irrespective of how many 
we have turned on. 



Summary We have the effective Lagrangian: 

2 \\ / {i-m) \ / (im) \ / {i-m) \ / {im) J 

- —~gahm''rn!'w[^ _^^w^ (,^) - -^Wl^^^_^^W^u {im) , (2.113) 

where gab = C^^C^ b- = X^ do not show up here and can then be set to zero. 
For simplicity, A'^ = Xq is chosen as A'^ = X^^6^^^ and then Pj is the projection 
onto / = 6, 7, 8, 9 plane. The world volume is R^'^^'^ x T'^. Indices fi, v label R^'^"*^ 
directions, and a, h label T'^ directions. This Lagrangian might be able to couple 
to background gauge fields and a by replacing the derivative with covariant 
derivatives, but now the background fields are turned off. field is defined by 

«^M-) = - + (2.114) 

and thus this Lagrangian is a gauge fixed Lagrangian with massive Abelian vector 
bosons. All the fields have the Kaluza-Klein mass term whose mass is determined 
byA2^,,0 

The Higgs mechanism in this section is a kind of Stiieckelberg mechanism [30l (for a review, see 
[31]). It has been known that non-Abehan extension of Stiieckelberg mechanism has the problems 
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The theory is regarded as the effective theory of Abehan 5-branes in a super- 
string theory, which is similar to the D5-brane or NS5-brane effective theory in type 
IIB superstring theory. Moreover we have seen that the compactification to string 
theory occurs along the direction transverse to the 5-brane world- volume, and such 
compactification usually gives NS5-branes in type IIA string theory. However this 
5-brane action should be recognized as a type IIB NS5-brane action derived from 
the type IIA NS5-brane by T-duality, since the KK-momentum shows up along the 
5-brane world-volume directions. This theory is interesting since it captures the his- 
tory of the 5-branes generated through the M-theory compactification of M5-branes 
and T-duality of type IIA NS5-branes. 



2.5 Vanishing C field case 

In this subsection, we consider the simplest case, i.e., all vanish. This is the 
case 4 in section [2m In this case, F^^^a — because of ( 11. 6^ : that is, the auxiliary 
gauge field ^ is a pure gauge, but still couples to the other fields through the 
covariant derivatives. The equations of motion are reduced to 

D2xi = 0, D[^H,^p]A = 0, T'^{D^^)a = 0. (2.115) 

Apart from the covariant derivative, these are just the equations of motion for 
Abelian (2, 0) tensor multiplets in six dimensions. Therefore, we may assume the 
Lagrangian d la Pasti-Sorokin-Tonin (PST |23j): 

£ = - i ( (D^x^) , {D,x^) ) + '-{^, r'^ (D,^)) + 1 {h;^, {h* '^^ - Hn) , 

(2.116) 

where 

and now the three-form can be written in terms of a two-form potential bf^,y a as 
H^upA = 'iD[fj_bup] A, thanks to the usual Bianchi identity and a = 0- Note that 
the three-form H^i,p a is assumed to be not self-dual, a is an auxiliary scalar field of 



of renormalizability and unitarity in 4-dimension. In this paper, the effective Lagrangian is reduced 
to an Abehan system, regardless of the 3-algebraic structure in the formulation, and then there 
will not be such problems. 
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PST action and is singlet under the three algebraic transformation, and with it the 
effective Lagrangian fl2.116p enjoys the following local symmetries: 



(I) : 6ia = 0, 5ih^^ A = '^D^f,S,u] A , 
(II) : 5iia = , Sub^^ a = 29[^a r^^j a , 

(III) : 5uia = C , 6uib,. A = {H;, ^ - H,, a) ■ (2.118) 

The first transformation 6i agrees with the usual gauge symmetry of the b^^, a field 
because of [D^, D^] = 0. The second and the third symmetries are characteristic 
for the PST formalism and are important for the three-form to be on-shell self- 
dual. Therefore, the effective action can reproduce the equations of motion (I2.115p . 
including the linear self-duality condition. 

Likewise the previous cases, we gauge the shift symmetry and then gauge away 
the ghost modes, Xq etc. In this case, we have the Lagrangian description for the 
three-form field strength H^j^pA and then can perform a similar treatment to 
and ^. Namely, we can gauge the translation symmetry b^ya — ^ b^^i, a + (fiu a, where 
« = (0)^)) by promoting Cfiua to be local and introducing the corresponding three- 
form gauge field G^yp^ as Hpyp^ — )■ Hp^yp^ — Gpypa- It should be noted that the 
gauge transformation of G is therefore SGp^pa = 3-D[^Ci/p] Then we can eliminate 
Hpup a by the gauge symmetry and the equations of motion of G gives the condition 
Hpupo = Hpypa = 0. In this way, the fields of vP and m° components are again being 
moduli: 

^0 = -^0 ' = -^a 5 ^0 = = Hpyp = Hpyp a = . (2.119) 

We introduce the indices a, /3 to represent (0, a = 1 . . .d) indices collectively. Then 
are 5 x (d + 1) matrices, and we define (rf + 1) x 5 matrices such that 

AM = 5f. (2.120) 

Such tt" can exist when (i < 4, and we simply assume their existence in this discus- 
sion. Finally, we define the projector Pj = 5j — A^ttj and introduce the decomposi- 
tion Xl^.^ = PjX(^^^ + XiY-^^ as before. Here Y^^^ = Tr-X^^.y Then the effective 
action (12.1161) becomes 

C = - Ipt.j ( D^'X') ( b.,x' 



IJ I ^ I -t^M-- , 

Z \ / {i,—fh) \ / {im) 
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I 



Z \ / (im) 

+ \H;.i^,-rn){H*^''-Hni^.rn)■ (2-121) 

Interpretation of the effective action Let us consider the brane interpretation 
of our effective action fl2.12ip . First note that by setting all = 0, the effective 
action is, apart from the fiat connection gauge field nothing but the PST 

Lagrangian: 

£PST = - (y/-det {g,. + iH;,) + \h;,H^^^ , (2.122) 

Qfiv =dfj.X'^^ dyX^ Gmn 1 

""^'^^m '''' ""-^vw 3! ' ^'-'"'^ 

expanded up to the quadratic order in the flat metric with the static gauge: 

Gun = (^'^ J , X'' = (x^ X') , (2.124) 

where M,N = (/i, /). For the current purpose, it is sufficient to consider only the 
bosonic part of the action. To compare it to the case with non-zero A^, we consider 
the following Kaluza-Klein compactification ansatz, 

'Vf^u + QapA^^A/ -gp.,A;^ 
Gmn = I -Qa^A,^ gap I , (2.125) 

Sf 



'ij/ 



with the static gauge X*^ = (x^, F", X^\ With this ansatz, (I2.122p becomes, up to 
the quadratic order in the physical fields: 

^PST = -\ {d^X^ (d^X'') - ]^g^^vi^^ (9^r" - A/) - A/) 

+ li7;,(if*^--ifn , (2-126) 

where we have dropped an uninteresting constant term. 

We compare the resulting Lagrangian with our effective Lagrangian fl2.12ip . Now 
because of the projector, some of J, J directions are eliminated. Therefore the 
un-eliminated index /, J can be identified with /, J here. The projected scalars 
^(ifh) ^'^^ identified with the directions in which the Kaluza-Klein reduction has 
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been performed. The gauge fields ^^"(j^) are regarded as the graviphoton gauge 
fields from the reduction. Because of Ci = 0, there is no relation between A ". -n 
and H^^p (j^) in this case. It is consistent to the fact that A^"'^.^-^ is identified 
with an external graviphoton. It should be noted that since ^^"(j^) is pure gauge, 
the corresponding graviphoton field should also be trivial one. The fermions and 
the three-form field strength are naturally understood. The metric g^p should be 
identified with A^A^ in f l2.12ip . and then the target space is regarded as R^'^~°'xMrf+i 
where Md+i is a ci + 1 dimensional manifold with the metric Qa/s = A^A^^. In the 
effective action, the index {irn) shows that the fields are bunch of Abelian 5-brane 
fields which are interacting only through the covariant derivative. However, as seen, 
the field strength of the connection vanishes, and then these copies of the Abelian 
fields are very loosely communicating each other. Thus we have a (almost) trivially 
interacting Abelian fields on a five-brane in R^'^""^ x Md+i. This is a (non- Abelian) 
generalization of the second order NS5-brane Lagrangian discussed in [21]. In our 
case, the dimensional reduction is done to more than one direction. 



3 Five-brane actions and duality relations 

As it has already been shown, the effective actions derived from the equations of 
motion of non- Abelian (2, 0) tensor multiplets in six dimensions correspond to var- 
ious brane effective actions on some torus. Since we would like to understand the 
starting equations of motion as a kind of effective description of multiple M5-branes, 
one question naturally arises: do these effective actions respect the symmetries of 
M-theory, especially string duality? 

To answer this question, we analyze the effective actions in the case of c? = 1, 
namely the label for the Lorentzian generator a takes only one value a = 1. This 
setup leads to different kinds of 5-branes, and we will investigate the relation between 
their effective actions. 



3.1 D5-branes and NS5-branes in type IIB theory 

For the case of = 1, we have various five-brane actions. We will start with 5- 
branes with Cq , ^ case, as in section [2731 The effective Lagrangian in this case 
is written as 



{i-rh) 



(irn) 



+ D 



{i,—rn) 
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4 



(im) 



J {i-m) L 



(im) 



+ -^'(,,_^)Cr5r^ 



(im) 



4C2 



(i,-m) (im) 



(3.1) 



where C~^=^ = C. Since we now have only a = 1, we can make a rotation to set 
r/ = rf = t5^^' . Subsequently, it is easy to see that the projector Pj = 6j where 
I, J = 7, 8, 9, 10. Namely, Pj provides a projection to a plane perpendicular to the 
6 direction. So far, we have only one internal coordinate y, corresponding to the 
direction which is denoted as d hereafter. The actual direction will be specified soon 
below. 

This theory is compactified on a circle, whose radius is at first considered to be 
constant. The Fourier modes are expanded with the basis e*^"*, and then y becomes 
dimensionless. Since the combination Cr always has mass dimension equal to 1, we 
can redefine the dimensionless coordinates y and dimensionless gauge field Aa — Y 
as 



y^Cry, A^^{Ct)-'A^. 



(3.2) 



Then the periodicity of y is equal to y ~ y + 2Tr /Ct, and the radius of the circle is 
identified with R = 1/(Ct). 

Z}5-brane Since we have started with the equations of motion, the overall factor 
of the Lagrangian cannot be fixed. Consequently, we assume a prc-factor which is 
equivalent to the Z^S-brane tension T5 = (27r)~^£~®(?7^, and compare our efi'ective 
action with the D5-hrane action. By introducing = 0, 1, 2, 3, 4, a, we write the 
effective action as follows: 



m ^ 



{i,—rri) \ / (im) 



+ cWxl_^,xl 



(i,— m) (im) 



(i,-m) 



x\x 



(im) 



+ 4^^(i,-m)^/i-(^'^) + (fermions) 



(3.3) 
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The relevant part of the action of D5-brane on of radius R, which can be derived 
as the Yang-Mills limit of the Dirac-Born-Infeld (DBI) action, is 

Thus we can identify 



(3.4) 



1 1 ry' 

It should be noted that the parameter r is related to the radius of the T-duality 
circle Rha in the type IIA theory description. Based on the identification of r, 
we have KK-momentum modes along the r = rf direction, and have set a = 6 
here. As a result, the world- volume extends on this 6 direction as well. This can 
be understood as T-duality in the specific direction. On the other hand, because of 
Cq, the reduced direction 5 is understood as the M-theory direction, and we could 
think the 5 direction as a circle of radius Rm = Qs^s- For this case, we can analyze 
the preserved supersymmetry, and the theory has indeed non-chiral M = (1, 1) 
supersymmetry. See Appendix [B] for details. Therefore, the action (13. 3p is the 
D5-brane action of type IIB string theory. 

One may wonder why this identification is so different from the one which Lam- 
bert and Papageorgakis took in p[7], where C is identified as the coupling constant, 
and more suitable for the interpretation of the novel Higgs mechanism. To under- 
stand the difference, we choose another coefficient to describe the effective action: 



(3.6) 



where d^x includes dy (of length dimension 1) and tr denotes the summation over 
index i. Since F^^^ has a mass dimension of 2, and C thus have a mass dimension 
of 1 and —1, respectively. The overall factor should be identified with the Yang-Mills 
coupling constant in six dimensions, and also be proportional to the string coupling 
as follows: 

C = [g^^iy = gsa' . (3.7) 

Upon reduction to five dimensions, this might be related to the identification in [17] . 
We however preferred our previous choice because it is more convenient to figure 
out another choice of the parameters for the description of NS5-branes. 
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NS5-brane The previous identification of the direction is natural, since the 
covariant derivative along the internal directions has always been in accordance 
with as T^D"'. Therefore, we can interpret as a vielbein to transform internal 
directions to directions transverse to the brane. However, for d = 1 case, m has only 
one component, i.e., it is a number. Furthermore, since m always appears with Cq, 
we can interpret C^im = C^dy as a derivative along the 5 direction, with Cq as a 
vielbein. To see what this re-interpretation leads, we will set the 5 direction as an 
internal direction, a = 5. 

Once we have chosen the 5 direction as the direction in which Kaluza-Klein 
momentum is defined and T-duality will be taken, we can consider the other direc- 
tion, which is specified by r = , as the compactification direction for M-theory. 
Subsequently, we first obtain NS5-brane in type IIA theory through the reduction 
of the 6 direction, which is transverse to the world- volume of 5-brane. Further com- 
pactification on 5"^ in the 5 direction leads to T-duality, and finally we get NS5-brane 
in type IIB theory. Let us look at how it works. The radius of 5*^ along direction 
5 is given by the expression R = (Cr)^^. On the other hand, r has the dimen- 
sion of length, and is indeed related to the magnitude of the vanishing direction, 
T = rf = Xf — ViXq. Therefore, it is natural that we identify it with the radius of 
the M-circle, |t| = ciQsis, where a proportional constant ci is inserted for the sake 
of generality. It should be noted that we use a different label for the string coupling, 
Qs- In the following subsection, this identification is more justified in an effective 
theory which is related to the current model in an Abelian limit. These relations 
lead to 

T^ = ^^' (3-8) 

cigsisR C1C2 gstj 

where R = C2^s with a constant of order probably larger than 1 is not involved in 
the string coupling. By plugging this in (13. 3p . the result can be identified with (13. 4p 
with the following replacements: 

9s-^ 9s = 97^ , «' 9scy' ■ (3.9) 

These are the standard S-duality relations in type IIB string theory. It should be 
noted that this change also alters the tension in front of the action as 

which is exactly the NS5-brane tension. Therefore, by switching the interpretation, 
we have NS5-brane effective action in type IIB string theory. It should be noted 
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that the S-duahty transformation takes place together with the conversion of the 
interpretation of r. In the case of D5-branes, r is regarded as the size of the circle 
of T-duality, r = Rua- On the other hand, in the case of NS5-branes, r is regarded 
as the size of the M-circle, r = Rm- 

Here we have identified the internal direction a with the 5 or the 6 directions. 
We then have D5-branes for a = 5 and NS5-branes for a = 6 respectively. We take 
either Cq or as the vielbein used to transform the internal direction y into the 
physical direction, and the direction d is determined by which of these we choose. 
This dimensional reduction might be understood as a torus compactification, and 
one of them is decompactified by means of KK momentum. Changing the direction 
of the expansion by KK-modes corresponds to the flip of the direction of the torus. 
Therefore, we can see a similarity to the "9-11" flip realization of S-duality of type 
IIB string theory. 

3.2 Other five-branes and their relations 

Next we consider the case of Cq = 0, ^ with = 1, in section 12.41 Since 
= 1, we have only a single non-zero C^, and, by a rotation, we can set it to Cf , 
while other components to vanish. In addition, to be able to compare the resulting 
action with that in the previous subsection, we define as — (9^A/i)(ir(i) with 

= im, motivated by the identification in section fl^ It should be noted that this 
is not removing tilde by taking the structure constant off, but just a redefinition 
of the gauge field. Furthermore if we identify y(irn) with —A^i^irH), the field strength 
(im) can be defined as follows: 

~ ^Mim) = -f^/i^5(im) + (t^5^/i){jm) = (j^). (3-11) 

Through the redefinition of the gauge field, we also have Fl^i,{irn) = (t^s {df^A^, — d^A^)) 
{.d^F^y)(^i^y Thus, from the first line of fl2.104p . we obtain the following gauge field 
equation: 

+ A2^555'F5, = 0. (3.12) 

The effective Lagrangian is the free part of the Yang-Mills type Lagrangian for 
5-branes: 
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{Fl^^^_^)Ff,v (im) + 2A^(Ci)^F(^.^_^)F5^ (i^)) . (3.13) 

It is easy to see that this Lagrangian can be obtained by the free field hmit Cg — )■ 
with the combination viCq = Cf fixed in the generic 5-brane Lagrangian (13. ip . It 
should be noted that we also need to rescale F^^, (j^) by Cq, and this limit also 
corresponds to the weak field limit. Therefore it is natural that we end up with 
missing covariant derivatives. In this case, A indeed provides the size of the M- 
circle, as discussed in section 12.41 Since this case is related to the NS5-brane case 
in the previous subsection with r = fiA, the identification developed earlier is also 
justified. 

In section 12. 5[ we find that the case of = results in a second order PST 
type effective Lagrangian. This is a free IIA NS5-brane without compactification 
along the world- volume directions. The corresponding situation here is that we only 
have Ag and X'l since d = 1. The compactification corresponds to taking only Aj° 
and A^ to be nonzero. Let us now compare this to the 7^ free IIB NS5-brane 
wrapping on a circle in section |2^ the Lagrangian is (I3.13p . Their relation can be 
understood as a T-dual relation. gives the size of compactification, while the 
circle shrinks as becomes gradually smaller. At = the T-dual circle has 
infinite size, and the — > IIB NS5-brane relates to the Ca = IIA NS5-brane at 
this point. 

Finally, we consider the following limit: In the Lagrangian (13. ip . we take r — )■ 
with Cq fixed. Since in this limit, Va disappears from the Lagrangian and so does 
Cf . Therefore, in the limit we have the D4-branes effective Lagrangian which is the 
same as the one studied in |T7] . Note that since the radius of the circle is given by 
R = 1/a/CV^, this is the decompactification limit in the IIB side, and then we have 
double-dimensionally reduced DA-hranes in IIA here. We also remark that if the 
limit f 1 — )■ in (13. ip . the Lagrangian remains essentially the same, but replacing 
with Xf. This describes D5-branes in IIB, and by comparing to NS5-branes in IIB 
(I3.13P we see that the role of the moduh is just switched, namely (Cq, A^) for D5 
and (Cf , Ag) for NS5. This also resembles the "9-11" fiip realization of S-duality in 
type IIB string theory. 

4 Conclusion and Discussion 

In this paper, we examined the equations of motion proposed by Lambert and 
Papageorgakis for non-Abelian (2,0) tensor multiplets in six dimensions [IT]. Some 
of these equations are regarded as constraint equations for non-dynamical fields, C^. 
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We consider various cases where different components of take non-zero values. 
Witli respect to tlie cases, wliicli components of are zero, we derive various 
equations of motion for p-branes on a backgrounds consisting of a flat space and a 
torus. We found that, in order to maintain a non-Abelian interaction after taking 
into account possible constraints, the vP component of the C field has to be non- 
zero. Otherwise, we have equations of motion of Abelian fields which are loosely 
bound. Of particular interest is the case where c? = 1, with d being the dimension 
of the torus. In this case, we have a circle and 5-branes. For the generic C case, 
we have Yang-Mills type actions, and by identifying the appropriate parameters, 
we have the description of either a D5-brane or NS5-brane. In the case of type 
IIB string theory, the S-duality of 5-branes can be interpreted as the interchange of 
roles between two moduli fields, which specify the compactified circles of M-theory. 
We therefore observe that the formulation of non-Abelian tensor multiplets seems 
to be compatible with the expectation from the string duality. In contrast, if only 
Ca 7^ 0, we obtain the Lagrangian for Abelian 5-branes; this corresponds to the free 
field limit of the previous case. We also found that the case of zero C corresponds 
to the second order PST-type 5-brane action. It is worth noting that the almost 
free Abelian theory still includes covariant derivatives with flat connections. The 
second order PST-type action can also be considered to correspond to a limit of the 
previous two cases and be compatible with the expected T-duality. 

In the following paragraphs, we will discuss the findings of this work in detail 
and propose possible directions for future research. 

Non-Abelian multiple 5-branes with (2,0) supersymmetry? Through the 
present study, we found multiple 5-branes with (1, l)-type and (2, 0)-type world- 
volume supersymmetries. More specifically, 5-branes with (1, 1) supersymmetry 
were described for the case of Co 7^ by means of ordinary non-Abelian SYM. In 
the case of the type IIB string theory, they were described as D/NS 5-branes. On 
the other hand, in the case of the M-theory and the type IIA string theory, 5-branes 
are characterized by (2, 0)-type world-volume supersymmetry. These are identified 
to be the 5-branes corresponding to the Ca = case. These (2, 0)-type 5-branes are 
also characterized by non-Abelian interactions under gauge fields. However, as we 
have shown in previous sections, this does not mean that our results are satisfactory. 
Despite the "non-Abelian extension" using the 3-algebra, these (2, 0)-type multiple 
5-branes have trivial non-Abelian interactions. 

Indeed, there is a no-go theorem proposed in papers [32], claiming that it is 
impossible to obtain the desired non-Abelian extension of the Abelian chiral 2-form 
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theory in six dimensions using local deformation terms 0. In the light of this, we 
think one possible way of overcoming the problem through the introduction of non- 
local deformation of the supersymmetry algebra fll.ip rn . or alternatively, we may 
consider a quantization of the Nambu bracket [3Tj lj to introduce an interesting 
interaction. This problem still remains open. 

We also pose the question about the A^^ entropy scaling law of an N M5-brane 
system [36]. We recall that the (truncated- )Nambu-Poisson algebra has been used 
to provide a 3-algebraic explanation for the N^^"^ entropy scaling law of an coin- 
cident M2-brane system [16] . This algebra may provide the means of explaining the 
M5-branes entropy. 



5D MSYM Finally, we give a remark that our findings are related to recent 
research on the 5D MSYM theory p5][26]. The authors of these papers discuss the 
relation between 5D MSYM and 6D (2, 0) superconformal field theory on 5*^. More 
specifically, KK-modes of the (2, 0) theory, associated with compactification, can 
be explained as solitonic states in 5D MSYM. 

In contrast, in our study, the (2, 0) theory was employed to describe com- 
pactifications of the 6D theory in a number of special cases. The KK-momentum 
was provided by 3-algebra and independent of the degrees of freedom of 5D SYM. 
Therefore, to explain KK-modes in our analysis as the solitonic states in 5D MSYM, 
some non-trivial relations in addition to the field equations fll.3p - fll.8p are necessary. 
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A Summary for notation 
A.l A Lorentzian 3-algebra 

We use the loop extension of the Lorentzian 3-algebra which is also used in [22] , but 
with a slightly different notation. The generators are collectively denoted as 

J.A ^ ^0^ ^a^ ^ 

namely, A denotes all the indices collectively, A = {(im), 0, a, 0, a}. We sometimes 
use the index a = (0, a) and a = (0, a). We assume that our 3-algebra is equipped 
with the gauge invariant metric qab 

g{im){jn) =SijSrn+n , 900 = 1 ) 9ab = ^ab , (^-2) 

and the other components are zero. Here we conventionally define the generator Ua 
representing the center element u- obtained by the metric as 

Ua = 9abU- = U^. (A.3) 

Therefore the inner products are 

(wO,wo)=(«°,«^^) = l, (A.4) 
and otherwise zero. 

The structure constant of the 3-algebra is essentially the same as the one in [22] ■ 
The nonzero components of the totally antisymmetric structure constant are 

jOa{irh)(jn) _ _ {fyi"- §V jQ(im){jn){kl>) _ jijk^m+n+e 

which satisfy the usual fundamental identity, 

fABC^fFDE^ + f^^'^pf^^C + f^^'^F^'^G =/^^^^/^^^C • (A.6) 

The generators u- and u- are center, in the sense that they do not appear as the 
upper index of the structure constant, namely, when they are put inside the three- 
bracket defined below, the result is zero. On the other hand, the generators m° and 
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M° are not in the lower indices of the structure constant, and then they do not show 
up as a result of the three-bracket operation. 

We sometimes use the three-bracket expression, 

=0, (A.7) 

[m°,m^T(^™)] =m"T(^'^) , (A.8) 

t(^"), T(^")] =m''5'^''^+'^Ua + if\T'^f''^+'^) , (A.9) 

[u^, T^**^), T(^")] = - m^6'^'^+'^u^ , (A.IO) 



rpiim) rp{jn) rpikH) 



_ifijk^rn+n+e^O^ (A.li; 



where [T^,T^,T^] =if^^^^T^. 

The indices are normally used in the following conventions: 

• I, J, - ■ ■ : the transverse directions of five branes (/, J = 6, ■ ■ ■ , 10). 

• /i, I/, ■ ■ ■ : world- volume directions of five branes (/i, z/ = 0, ■ ■ ■ ,5). 

• d: The number of the Lorentzian generators(— 1): a, a = 1, ■ ■ ■ ,d. 

• Ua'- The coordinates for the torus T'^. The Fourier basis along the torus is 
girra^j/a g^]^^ Qa _ ^jjj regard the T^**") components of the fields, (p[irii), 
as the Fourier components of the field in y coordinates, 

0(a:,2/)=^0(,^)(x)e*'^-^ (A.12) 



and also use the expression irrfcp^iffi) = 



A. 2 Covariant derivative, field strength 

Our convention for the covariant derivative and the field strength is the same as in 

• Covariant derivative: {D^(j))A = d^cpA — a^b 
. Field strength: F = -SA^^a + ^.^/a + K^'aK'^c - 



iiv A '^{i.-^v A "T ^y-^p, A "T A-^v C A-^pL C 

Covariant derivative of field strength: 
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A. 3 Assumption for the gauge field 

We assume that the gauge fields are accompanied with the structure constant of 
3-algebra, 

A^.A-A^cnf^'^A, (A.13) 

which guarantees that it acts on the three-bracket as a derivation. Due to the hmited 
form of the structure constant, we have 

The rest can be written in terms of the gauge field without tilde, 

^ix (im) i^iJ.Un){k,m-n) — 'i'^T'"' ^ fi a{im) 

= i^fiijn){k,m-n) ~ ("9" a) (im) ) (A. 15) 

Kiim) =^^"^MO(im) = {d''A^o){irn) , (A.16) 

= - im^'Ai, (^ifn)(i,-m) , (A. 17) 

^/''\.^)=-^^"^MOa, (A.18) 

=f )A,Oik,H^rnJ ■ (A.19) 

Since some components of the gauge field are zero by 3-algebra as summarized 
above, the covariant derivatives take the following form before further restriction. 



= - 4(i^)0o - i;(.^)0a , (A.20) 

v / (im) 

{d.cP) - 4^51) - ii7l)0On) , (A.21) 

^i^V,.^, =9i.<P{im) - 4\"i)<^(i«) = d^<P{iA) + 4>]{iA) (A.22) 
where 0^ denotes collectively the physical fields X^, and H^^pA- 

A. 4 Anti-symmetrization 

We use the following convention for the totally anti-symmetric combination of the 
indices: 

A^^B"^ =1 {A^'B" - A^Bf") , (A.23) 
^[M^i^C'P] ^i. (^M^^c'P _ A'^B^'CP + (4 other terms)) , (A.24) 
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namely, in general, 

A[^J■1 AfJ-2 _ _ _ 4M„] _J_ ( AfJ-1 Afl2 _ , _ _ 4^2 4MI . . . /I I . . N ('A 

^1 ^2 1^1 ^2 ^1 ^2 + J 5 l^/l.ZOJ 

where ■ ■ ■ denotes the all possible combination of the indices with sign. 
So, for example, 

D[fj.Ht,pa] =- {Dp_Hyp„ — DuHp^p + DpH^piy — D^Hpyp) . (A. 26) 

B = (1, 1) supersymmetry 

We discuss how = (1, 1) supersymmetry of D5-brane in section [3] is realized from 
Af = (2, 0) supersymmetric set up. 

We use the same convention as in [17] for Gamma matrices. Supersymmetry is 
parametrized by 16-component spinor e. The chirality of e is described by 

In section El the 5th direction of the D5-brane world volume is reduced by the 
consequence of fll.81) . and other world volume direction, say a = 6, is created by KK 
momentum. Thus the natural chirality operator for this 5-brane is r°^^^^^, instead 
of roi2345_ Because of {r°i2345^ roi2346| = Q, 6 in (IRTI) contains both chirality states 
of r°^^^'^^. If we take a basis of the spinor 

e=(j^), r™6± = ±6±, (B.2) 

poi2345 pg^j^ written by a 16 x 16 matrix ^012345 



■^012345 



i 



012345 



(B.3) 



^012345 Q 

The supersymmetric condition fIB.ll) gives 

^012345^^ = e^, (B.4) 

Since ^012345 jg jnvertible, the numbers of the components of e± are the same. They 
describe the vector-like (1, 1) supersymmetry in six dimensions, as expected for D5- 
brane. 
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C The relationship between and the 2-form 
gauge field b^^ 

From (11. 4p . it is easy to see that for H^yp^ the equations of motion are the usual 
Bianchi identity d^^^H^p^^a = 0, and then these 3-form field strength can be repre- 
sented by the 2-form fields bpi, a, 

From ( II .op and the relation ( lA.lSp . one can see that the field strength fp^a of the 
gauge field a^a = ^p ao is represented by the 3-form field strength as 

m'fp, , = -m'^ {C^Hp^p a - CPHpyp o) , (C.2) 

where fp^a = {dpa^a — duttpa)- The constraint f ll.Sp causes the dimensional reduc- 
tion of the three-form field, and therefore we take the two-form potential to obey 
the relation, 

C'^dpbp,a-CPdphp,^ = Q, (C.3) 

as well as the one-form gauge transformation as we will see soon. We can then 
identify 

O-pa = —C^hpy a + C'^hpy Q . (C.4) 

Under the dimensional reduction, the U{1) gauge transformation of the 2-form 
gauge fields hp^a, 

bpua ^ bpiya "I" ^bpi^a — bpi^a "I" dpA^^^ d^Kp^ , (C.5) 

is naturally identified with the U{1) gauge transformation of a^^ — )• apa + dpKa 
through the identification f lClill H Through the f lClill . the f/(l) gauge transforma- 



tion of the 2-form gauge field generate the gauge transformation of the 1-form gauge 
field as 

5<lpa = — C^dbpua + Ca^bpuO 

= - 2CQd[pAl] ^ + 2C^d[pAl] q 

= -C^odpKa + C:dpKo (C.7) 



"'^^The C/(l) gauge transformation is generated by the gauge transformation parameter with the 
Lie 3-algebra 

A^™\^™) = -iniaAoa = imaAa . (C.6) 
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due to the dimensional reduction C^dyA'^a " ^a'^^^'^.o = 0- Finally the U{1) gauge 
transformation of the 1-form gauge field can be unified to the U{1) gauge transfor- 
mation of the 2-form gauge field through the identification of the parameter 

K = -c^,Ka + c:Ko- (C.8) 

This relation is interesting since, at the beginning, the 3-algebra gauge transfor- 
mation and the two-form gauge field transformation are the different things, but now 
they are unifiecj^. If it also worked in the non-Abelian part, this mechanism would 
give a significant suggestion for the non-Abelian generalization of two-form gauge 
field (or maybe higher form even). Unfortunately, it seems that this unification can 
be confirmed only in this Abelian sector. 

Since the three-form field strength H^^p „ is self-dual, the Bianchi identity implies 
that it satisfies the usual equation of motion without sources, 

d^Hp,p^ = 0. (C.9) 

This suggests that rrf'd^ffj.ya = for arbitrary m, and then d^f^ua = 0. However 
the rest of the dynamical fields, Xj^^^y ^(im) and so on, couple to a^a through 
the covariant derivative, and then they will generate the source term for this field 
strength. In order for this equation of motion to hold, we need to regard „ as the 
background field and we do not take the variation with respect to a in the other 
part of the Lagrangian. 
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